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ABSTRACT : In this work, we study a boundary value problem for a fractional q, CO -difference equation. By 
using the monotone iterative technique and lower-upper solution method, we get the existence of positive or 
negative solutions under the nonlinear term is local continuity and local monotonicity. The results show that we 
can construct two iterative sequences for approximating the solutions. 
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I. INTRODUCTION 

A quantum calculus substitutes the classical derivative by a difference operator, which allows one to deal with 
sets of non-differentiable functions. There are many different types of quantum difference operators such as h- 
calculus, ^-calculus, Hahn’s calculus. These operators are also found in many applications of mathematical areas 
such as orthogonal polynomials, combinatorics and the calculus of variations. 

Hahn [1] introduced his difference operator D m as follows: 


DJ{t) = 


f{qt + co)-f{t) 
t(q-l) + co 


t * 


co 


where/is real function, and q t= (0,1)and co > 0 are real fixed numbers. Malinowska and Torres [2,3] introduced 
the Hahn quamtum variational calculus, while Malinowska and Martins [4] investigated the generalized 
transversality conditions for the Hahn quantum variational calculus. Recently, Hamza et al. [5,6] studied the theory 
of linear Hahn difference equations, and studied the existence and uniqueness results of the initial value problems 
with Hahn difference equations using the method of successive approximations. 

Motivated by the aforementioned work, we consider the following nonlinear boundary value problem for a 
fractional q, CO -difference equation: 


a D a qco u{t) + fit, u{t )) = 0/ e O, b), 

M («) = a D q ,co < a ) = a D q J*Q>) = °- 


where r/e(0,l), 2 < a < 3, / : [o r ,/]x[0,+oo), „D“ m is the fractional q,co -derivative of the Riemann - 
Liouville type? 

II. BACKGROUND AND DEFINITIONS 

To show the main result of this work, we give in the following some basic definitions, lemmas and theorems, 
which can be found in [7]. 
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Positive and negative solutions of a boundary value... 


Definition 2.1 [7] Let I be a closed interval of D such that G) 0 ,a,b e I. For f : I —> D we define the 
q, CO -integral of f from a to b by 

f f(t)d j:=\ b f(t)cl t- J" f(t)d t, 

Ja ^ J(Oq 1 Jojq ** 

where 


00 

f f(Od 0 t:=(x(l-q)-co)Y j q k f(x<l k +[kl l J, xgI, 

Jo) 0 “ 

co(l-q k ) 


k= 0 


with Vk\ = 

i -q 

x-b. 


for kGU 0 =U U{ 0 }, provided that the series converges at X — a and 


Lemma 2.2 [7] Assume f '. / — > Vibe continuous at O) 0 . Define F(x):= J /(S7)a^ is continuous 

at C0 Q . Futhermore, D qm F(x ) exists for every and x e IF) V F (x) = f (x)f° n versely, 

£ D q , a F(x)d q J = f(b) — f (a), 

for all a,b e /. 

Lemma 2.3 [7] For a e □ , 

+D = r 9>a ,(i) = l. 

For any positive integer k, 

r q jk +i)=[*]!. 


Definition 2.4 [7] Let CC > 0 and f be a function defined on [a,b]. The Hahn’s fractional integration of 
Riemann-Liouville type is given by (. a I° a f)(t) = f(t) and 

(JLfm = £«- a>0,l<=[a,b]. 


Definition 2.5 [7] The fractional q, CO -derivative of the Riemann -Liouville type is 


LKJO) = (Dfjfym. a > o, 

where [a] denotes the smallest integer greater or equal to a . 

Theorem 2.6 [7] Let CX e (N — 1, N]. Then for some constants C i e D , i = 1,2, • • •, N, the following 
equality holds: 

( a l lco a D lJt X ) = /(*) + F ( X ~ «)lr" + C 2 (^ - + • ' • + (X - d)^ N) . 
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Positive and negative solutions of a boundary value... 


Lemma 2.7 [8] Assume thatXis a Banach space and K is a normal cone in X, T : [li Q , V 0 ] —> X is a completely 

u <Tu Tv„ < V„. 

continuous increasing operator which satisfies 


U () < Tu..fv 0 < v S) . 

Then T has a minimal fixed point U * 


* * 

and a maximal fixed point v with U Q <U r <V <V 0 . In addition, 

u,. = limr n M 0 , v* = limr"v 0 , 


where {T"u 0 }™ =l is an increasing sequence, {T' l V () }^ =| is a decreasing sequence. 

III. EXISTENCE OF q, co -FRACTIONAL POSITIVE SOLUTIONS FOR PROBLEM 
Lemma 3.1 Assume g e C[a,b], then the following boundary’value problem: 

J a D q.co u (0 + git) = 0, t e (a,b), 

[“(«) = a D q ,co U ( a ) = a D q ,<o U ( b ) = 0. 

has a unique solution 

u (0 = £ G(t, a>0 ^ , q (s))g(s)d q w s, 

where 




(t-atl 
0 b-a) ( “- 2)K ),co ° 

( t-a) ( r a f l) 

- - — (b- O (5)) 

{b-a)^ K 010 q 


(o-2) 




(o-l) 


(«- 2 ) 


a<t< 


Proof In view of Theorem 2.6, 


(0 =- — f (7 - 0> (s)) ( f- l> g(s)d„ s + c,(x — a) ( fr l) +c 2 (x-a) { ff 2) 

V 2 F (fit)' 1 ' ^ 9 ^ 0^2 q,o> IV f CO a 2 V / CO 0 


+c 3 (x-a ) 


(o-3) 
«t> ’ 


Since u(ct) — a D q m u{d) — 0, we have C 2 —C 3 — 0. From the boundary condition a D qa) u(b) — 0, 
we get 

C ' = r „(a)(La)X’' 

Flence 


u(t) = ~ F 7 ^) £(*))£" + 


(t-a) 


(o-l) 


(b — a) 


( 0 - 2 ) 


r,(«) 


<f (Zt— O (5)) ( “ 2> g(s)d s 

J a V «t> 9 V <5 V / 


75 j 
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Positive and negative solutions of a boundary value... 


=—r 

r (a)J- 


(,t — a) 


(a-D 


(b-a) 


(b- Q>(s)Y -(t- 0 GY) 


(a-1) 


«*> 


Sis)d qa s 


+ - 


1 

f/T') J' 


r» 


(t — a) 


(a-1) 


(b-a) 


(a-2) 

% 


(a-2) 


S(s)d q0J s 


\ b a G ^^° q ( s ))s(s)d qia) s. 


Lemma 3.2 The function G(t, Q) q (s)) has the following properties: 


(a) G(f, ab <l>,(s))^0,G(f, flh O (? (s))<G(fe, a}i <l> (; (s)), a<t,JS> q (s)<b\ 


(t-a) 


«*> <? 

(a- 1) 

0% 


<7 


1 <7 


(b) G(f, ^ 0 ? (j)) > ^_ 2) G(*, f% 0 9 (5)), a < f, ^ 0,(s) < b. 

C°0 


(b-a) 




Remark 3.3 The function G(t , O (s)) has some other properties: 


(i) g(^0 9 w)< 


1 (f-o) 


(a—1) 


1 


^ —(£_ ® G)V ' <- 

r (a)(b-a) ( :~ 2> 9 ^ T (a) 


(a-l) 


a<t,^O q (s)<b. 

(2) According to the property of being non-decreasing of function 


(b-^ q (s) C 2) _ (b-^ism-^p-fa)) 


(b-a)™ (b-^‘r(s))(b-^ q (a)) 


on a and non-increasing of (£, — 0 ? (s))^ 1 o« s. We can obtain the following inequalities: 


(a) For a < < t 2 < 0 ? ( 5 ) < we ge? 


1 c^-a)^ 




r,(a) 


(b-M*)) 


(a-2) 


(a-2) v ab q^-’-'oio 


, (7 _ a y a -b 

1 ** (*-.*. 


r,(a) (&-«)«* 


(a-2) v ^ <? v 


1 (Z?— 0> (s)) (B ~ 2) , 

^ -> ^ | (f 2 -«)r-(f 1 -«r i)l 


r,(a) 


(a-2) 




< 


i(t 2 -aYC-( tl -a)ri 


(a-l)l 


r 9 (a) 

(b) For a < t x < ^ O q (s) < t 2 < b, we get 
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Positive and negative solutions of a boundary value... 






( b-a ) 


(a-2) 
too 




r («) 




(o-2) 


(b-a) 


( 0 - 2 ) 




(o-l) 


1 (t -a') (0f “ 1, 


r (a) (b-a) 


(a-2) v 
<H) 


< 


1 


[a 2 -«)r ) -a 1 -«)r ) +a 2 -or ) ]- 


r,(a) 

(c) For a < ^ 0 9 0) < f, <t 2 <b, we get 

|G(»2.^®»W)-Gft.^® 


ftftO 




(b-a) 


(a-2) v <7 V 




(b-a) 


( 0 - 1 ) 

^-(ft- 0 (s)) ( “' 2) -(f - 0 (s)V“ -1) 

(a-2) V‘i too q yA)) t 

0 )q 


^0 9 v 7 7 ^ 


< 


l (^ <!>(/» 


(a-2) 


C0q q v 


r (a) (ft-a) 


(a-2) 


j^-< _1) -(^i-«) 


(a-l) 


+ 




(a-l) 
<Ho | 


< 


G/ft -a, -<->+« 2 -,®,«-“-(f, - 


r ,(o) 


(3) /or (ft ffib 0 ? (>y))G(a,ft)x(a,ft). 

Let X e C[fl,ft], the Banach space of all continuous functions on [a,b], with norm 

Ijt/jj = max{|zt(Y): t e [t7,ft]|]. In our considerations, we need the standard cone K C X by 

K = {u e [a,ft]: u(t) > a, a <t < ft}. It is clear that the cone K is normal. 

Theorem 3.4 Assume that 

(P() there exist a real number d> 0 and g £ L*[fl,ft], such that 

O’j) / :[rz,ft]x[a,t/] —>[fl,+oo) is continuous, f(t,u)<g(t) for (t,u) e[a,b]x[a,d] 


and f (t,U ) < / (r,v) for 


| 77 
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Positive and negative solutions of a boundary value... 


(l 2 ) the following inequality holds: 


v v J <°o y 


d q , a s<d. 


(Ft) there exist CG(a,d) such that 


/><*•„ *,<*»/ 


(I 
s,c 


\ 


(b-a) 


(a-2) 

«t> y 


d q ,o S ^ C - 


* * y—. 

77?e« the problem (1.1) has two positive solutions U , V e D, where 


D = {u e C[a,b] 


it--ci) 


(a-1) 
«t> 


(b-a) 


(a-2) 


< m(0 < d 


it-a) 


(0-1) 

% 


ib — d) 


(a-2) 


,t e[a,b]}. 


it-af“~ l) (f-a)£ _1) 

In addition, let ti 0 (t) = c — ( °_ 2) , v o(^) = d 


ia 


(b-af r :r>- u 


15 ]" and construct the following sequences: 


: v„ +1 = J*G(f, ^0 ? (s))/(s,v>)M 9<8 s, 


ft = 0,1,2,..., 


’ /iaw 


limit = u , lim v =v . 


/Voo/Trom the non-negativeness and continuity of G and/, we can define an operator T : C[a,b\ —» C[ft,Z?] 
by 

7m (0 = £ G(?, (0b O ? (5))/(5,w(5))J ?ffl s, a<t <b. 

From Lemma 3.1, we can see that u is the solution of problem (1.1) if and only if u is the fixed point of T. We will 
show that T has fixed points in the order interval [u 0 , V 0 ]. 

We need to show that T : [u Q , v 0 ] — > C[a,b] is a completely continuous operator. For U e [« 0 , V (i ], we 

(t-afo-v ( t-a) (a - 1) 

have a<c— - f < u(t) < d — - f° < d, a<t<b. Since Git, c (i')) is continuous. So we 




only prove T is compact. Let M = g{s)d cco s, then a <M <+oo. From the hypothesis iFf) — (i 2 ) and 

Jfl q ,C ° 

lemma 3.2, we get 

\ b a Git, n ® q is))f(s,uis))d qco s 


7w(0 = max 

a<t<b 


< 


-— {t - aff !) f gis)d s 


r,(a) 


M , 

r «(«) 


(a-l) 


78 
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Positive and negative solutions of a boundary value... 


This shows that the set T ([m 0 , V 0 ]) is uniform bounded in C[a, b ]. After that, for given t l ,t 2 e Uk b] with 


t l <t 2 , and U e [« 0 , v 0 ], we obtain 

| Tu x (t) - Tu 2 (0| < \’\Gf , 0J 4\ (s)) - G(t 2 , ao ® q (s))| f(s,u(s))d^s 

< max |Ga i , <% ® ? (s))-G(r 2 , ab ® 9 (s))|£g(s)rf 9i(II s 


= M 


In view of Remark 3.3(2), one has Tuft) —>Tlift), as t x —> t 2 . So we claim that the set 7" ([// 0 , V 0 ])is equi- 
continuous in C\a,b]B y means of the Arzela-Ascoli theorem, T : [t< 0 , v 0 ] —» C[a,b\ is a completely operator. 
By the hypothesis (Ff — (if), T is an increasing operator. 

From (Ff),(F 2 ) and Lemma 3.2, for any fe[a,£>], one can see that 

Tu Q (t) = \*G(t, oJo ® q (s))f(s,u 0 (s))d qco s 

(s-a)[ 


-Low)) f 


s,c 


0 b — a ) 


\(o-l) 


fb (t - a) ^ 

a J, „. 


'a b_ 

(o-2) 

fit) 

r 


d s 

q,co 


> 


J fi ( b-af a ~ 2) 
it-a) 




(s-a) 


s,c 


(o-l) ^ 
fit) 


(b — a) 


( 0 - 2 ) 
fit) J 


d q ,a, S 


(b-a) 


(a-2) 


c = u,(t) 


and 


Tv o( f ) = ^<& q (s))f(s, v 0 (s))d q w s 

0 ~at 


= i a Git,^ q (s))f 


s,d 


(b-a) 


( 0 - 2 ) 

fit) 


d s 

q,co 


< 


1 (t-a) 


(0-1) 
COq 


r (a) (b-a) 


* — \\b- 0) (s)Y a ~ 2) f 

a- 2) V J 


(a-‘. 

<°0 


r >-<T M 

.S', a 


(b-a) 


(0-2) 
fit) y 




(t-a)™ 

<- ^rd=V Q (t). 


(b-a) 


(0-2) 
fit) 


Hence, we get Tu 0 > U 0 ,Tv 0 < V 0 . We construct the following sequences: 

“ B+ 1 = £ G (^ Vl = [ G (F ^ q (s))f(S,V n (s))d tta> S, 
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Positive and negative solutions of a boundary value... 


n = 0,1,2, From the monotonicity of T, we have U n+1 >U n ,V n+1 <V n , n = 0,1,2,_ By using Lemma 


* ^ * 


2.7, we know that the operator T has two positive solutions U ,v e C[a,b] with u 0 <u <v < v 0 , 

thatis, c ^—hi—<u{t)<v\t)<d (t 


(a-D 


a 


<t<b. In addition, lim u n — u ,limv„ — v. 


(b~<~ 

Theorem 3.5 Assume that 

(Ff there exist a real number d> 0 and gGl![a,b\, such that 

(if f :[a,b]x[a,d]^> D is continuous, \f(t,u)\<g(t) for (t,u) G\a,b\x\a,d] and 


f(t,u)<f(t,v ) for fe[a,Zt], a<u<v<d; 


(if the following inequality holds: 

f^J>- 


f (s-at~ X) \ 

__ Old s 

(b-a)™ ’ 1 

v J<0 a J 


s,d 


+£’G(fc, ab 4> 9 (s))min{/ 


f (. s-di 

S ’d — -,0R 


( b — a ) 


(a-2) 

«t> y 


(Ff there exist C G [//, d \ such that 


\:o( b ,^ q („ 


(s — a) 


<% 


s,c- 

(b-a)., 

V v ,a> a y 


+ — 1 — ['’(£- „ 0»R 2) min{/ 

r (a) ^ ?v ^ J 


(a-2) 

y 


>°K,a, 5 


( s-a) 


5 ,c- 


(a-l) ^ 


\(a-2) 


(b — a ) r , 

v v y 


,0}J 5>c. 


* * 

77?e« t/ie problem (1.1) /ws two positive solutions U , V ed, where 
D = {ug C[a,b] 


(t-afr 

c - rf^ 7 <u(t)<d— - G[a,b]}. 


(b-a) 


(a-2) 

«t> 


(b-a) 


(a-2) 
«t> 


(,-<-> (f-a)<r 1) 

In addition, let u 0 (t)=c — - ^ |g ^ , v 0 (t) — d — - 77737 and construct the following sequences: 


(b-a) 


(a-2) 
«t> 


(b-a) 


(a-2) 

6 


W, 1+1 = £ G(t, C0 ® q (s))f(s,u n (s))d qa> s, v n+1 = £ G(t, ^ q (s))f(s,v n (s))d qa> s, 

n = 0 , 1 , 2 ,..., one has limits =u, lim v n =v*. 

«—Ho n —ho 

Proof Consider the same operator T : C[a,Zt] —> C[fl,Zt] as defined in the proof of Theorem 3.4: 


Tu(t) = £ G(t, COo ® q (s))f(s,u(s))d q w s, t e [a, 6]. 
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Positive and negative solutions of a boundary value... 


We also show that 7 has fixed points in the order interval [ u 0 , V’ 0 ]. 

Similar to the proof of Theorem 3.4, T : C[a,b ] —» C[a,b\ is a completely continuous operator. From the 


hypothesis (F 3 ) — (if, T is an increasing operator. Further, by using the conditions ( b\ ), ( F 4 ), Remark 
3.3 and Lemma 3.2, for any t &[a,b], one obtains 

Tuft) = £ G(t, (ao O q (s))f(s,u 0 (s))d qa> s 

s,c * a 2-o, >0 }d am s 


(.b — a ) 


+jj G(t, H ® q (s))min{ f 


s,c- 


(s — a) 


(a- 2) 

«t> 7 

(o-l) 7 


«*> 


> 


(t -a) 


(a- 1) 


(b-a) 


(a-2) 

O) 0 


f 

J*G(fc >0b O ? (s))max{/ s,c 


>0}^ 


(s - a) 


(o-D 7 


r,(«) 


£( /7 -« 0 cI) ,C s ')) 17 2) mi n {/ 


s,c- 


(b-a) (a ~ 2) 
(.s — a) 


>0}<O 


(a-l) > 
'Qb 

\(a- 2) 


( b-a).. 

V v 7 


»0}d, >a ,s 


(t-a) 


(o-l) 


(b-a) 


7yrc = u 0 (t) 


(0-2) 


and 


Tv 0 (0 = £ G(f, 0))/(5,v 0 (s))rf 9iO ,s 


= j*G(^<I>,(s))max{/ 


M---5- ,0R * 


(b — a)., 

V v 7 


+ j;G(^R(,))min{/ 


(o-2) 

(o-l) A 


(i-fl)' 

,0}ds 


(b-a) 


( 0 - 2 ) 

«t> 7 


< 


(t-a) 


(a-l) 


(b-a) 


U d = v 0 (t). 


(0-2) 

«b 


Hence, we get Tu 0 > U 0 ,Tv 0 < v 0 . We construct the following sequences: 

u n + r=\ a G (t, COo ® q (s))f(s,u n (s))d qa> s, v n+1 = J fl G(f, a% 0 9 (s))/(s,v n (s))«/ 9<(B s, 
n = 0,1,2,_According to the monotonicity of T, we get u n+1 > U n , V n+l < v n , n — 0,1,2, — 
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Positive and negative solutions of a boundary value... 


* * 7 n 

By using Lemma 2.7, we know that the operator T has two positive solutions U ,V eC[a,b\ with 


u 0 <u <v 5= v 0 , that is, a< < 


(t — a ) 


(a-D 


ib-a) 


(a-2) 


< u (f) < v (t) < (i 


(t — a)‘ 


(a-D 


(.b — a ) 


(a-2) 


< c/, a<t<b. 


In addition, lim u n = u , lim v n = v . 

n—>cG n—>oo 

By using the same proof as Theorem 3.5, we can easily obtain the following conclusion. 

Theorem 3.6 Assume that 

(Ff) there exist a real number C<0 and g e ll\a,b\, such that 

(if) f :[a,b]x[c,a] ->□ is continuous, |/(f,M)| < g(t) for (t,u) G [r?,Z?] x [c, a] and 
f(t,u)<f(t,v) for te[a,b], c <u < v < a. 

In addition, there exist d G(c,a) such that (Ff) — (ifpnd (Ff) in Theorem 3.5 are also satisfied. Then 
the problem (1.1) has two negative solutions U ,V e D , where 


Let u Q (t) = c 


D = {u e C[a,b] 

C t-a ). (0 1) 


(t-a) 


(o-n 

«t> 


< m(7) < d 


(t-a) 


(o-n 

«t> 


(*-<r 


(a-2) 


,7 e[a,£]} 


(t~ a )% 

010 , v 0 (t) — d - ° and we construct the following sequences: 


0 b-a)\ T' " (*-< 


“„+i = £ G(t, ab 0 9 (s))/(s,M B (s))rf 9i(B s, V n+1 = £ GO, <*>„(»)/(s,v B (s))d 9j(B s, 


ft = 0,1,2,..., we can obtain 


lim = w ,limv„ = v . 
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